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Abstract. A Vogan superdiagram is a set of involution and paint- 
ing on a Dynkin diagram. It selects a real form, or equivalently 
an involution, from a complex simple Lie superalgebra. We intro- 
duce the double Vogan superdiagram, which is two sets of Vogan 
superdiagrams superimposed on an affine Dynkin diagram. They 
correspond to pairs of commuting involutions on complex simple 
Lie superalgebras, and therefore provide an independent classifica- 
tion of the simple locally symmetric or semisymmetric superpairs. 
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1. Introduction 

This article is supersymmetric conversion of the double Vogan di- 
agrams of semisimple Lie algebas and symmetric spaces.^ Homoge- 
neous supermanifolds Q jQ^ ^ where ^ is a real Lie superalgebra and Q is 
an involutive automorphism of can be viewed as analogs of symmet- 
ric spaces; called symmetric superspaces. Supermanifolds of this type 
carry additional interesting structures; we shall call them semisymmet- 
ric superspaces. In physics, supermanifolds (are special cases of non- 
commutative manifolds), are manifold with both bosonic and fermionic 
coordinates. Several string backgrounds which arise in the ADS (anti- 
de-sitter space) /CFT(conformal field theory) duality correspondence 
are described by integrable sigma-models with semisymmetric super- 
spaces target spaces. Many common algebraic properties of different 
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AdSd^S backgrounds are quite interest in physics. The hst of all semi- 
symmetric cosets with zero beta functions and central chage < 26 is fo- 
cussed in [3]. A semi-symmetric superspaces is a supercoset of a super- 
group which possesses Z4 symmetry, results in a generalizations of Z2 
invariant semisymmetric or symmetric superspace. The Anti-de-Sitter 
space and superspace backgrounds of Z4 coset for the worldsheet sigma- 
models is the Green-Schwarz string action on AdS^ x is PSU (2, 2|4). 
Quantization of strngs in the AdS2 x S"^ background requires a sigma 
model based on a qutient supermanifold PSU{1, l|2)/[/(l) x U{1). One 
of the ingredient of semisymmetric superspaces is Cartan domain which 
has analogs to phase space of a mechanical systems. In a different per- 
spective and application point of view on supersymmetric conversion 
gives a class of deformed measures on the superdomain analogs to dif- 
ferent perspective of Euclidean field theory and statistical mechanics. 
Classification of symmetric superspaces means classification of string 
in the supersjTiimetric backgrounds. The polar purpose of this text 
is to use extended Dynkin diagrams of Lie superalgebras to produce 
associate degree combinatorial classification of the locally semisymmet- 
ric superpairs or equivalently the commuting involutions on complex 
Lie superalgebras. We shall call them double Vogan Superdiagrams. 
Suppose ^ be a simple Lie superalgebras over a complex field with an 
automorphism 6, that gives us = a due to 6\Qq = id. From the 
preceeding fact it is clear that a commutes with 6 and it preserves the 
Cartan decomposition ^0 = + Po- 

In the following sections we extend the definitions of Double Vogan 
diagrams [2] to Double Vogan superdiagrams. One can get the details 
Vogan diagrams and superdiagrams of Lie superalgebras in [21 E] 

Definition 1.1. A double Vogan superdiagram is an Vogan superdia- 
gram on D with a diagram involution, such that the vertices fixed by 
the involution are uncircled or circled . We say that a double Vogan 
diagram represents a locally semisymmetric superpair {G,G^) If 

(a) the underlying affine Vogan superdiagram represents Q 

(b) the Vogan superdiagram on the white vertices represents a G 
inv(«g) 

(c) the diagram involution and circling on the black vertices (black 
painted by fixed point due to Cartan involution 6) represent a 
on pg. 

We say a diagram represents a Lie superalgebra involution a if there 
are canonical root vectors Xa such that aXa = X^a ii a ^ aa and 
aXn = ±X„ if a = aa 
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Definition 1.2. An almost double Vogan superdiagram is an Vogan 
superdiagram with a diagram involution, such that the vertices fixed 
by the involution are uncircled or circled. 

Remark 1.3. An almost double Vogan superdiagram is a weaker than 
a double Vogan superdiagram only because may not be even. 

Proposition 1.4. Let a G mv{i'^) he a Vogan superdiagram on D^. 

If a extend to an involution on Q'^, the the Vogan diagram on Di ex- 
tends to an almost double super Vogan diagram. Furthermore if Q is 
of Hermitian type then 

(a) the diagram involution preserves the black vertices implies a — 1 
on 3o O'TT'd a — 1 on 

(b) the diagram involution interchanges the black vertices implies 
a — 1 on and a — —1 on 3^ 

Proof. Let a e inv(Bo) extend to an involution on Q. If a extend to 

aut2,4^, then a permutes the extreme weight spaces of Qi. But since 
a\Q() is represented by {c,d) where c coloring of vertex and and is a 
diagram involution, on Qq, it permutes the simple root spaces of Qq. 
Hence a permutes the lowest weight of Qi and d extends to inv^. 
7(^0) = B{Z, [X„X^,]) = B{aZ, [aX„aX^,]) = j{aZo) 
7(Zi) = B{Zi, [X^,X^^]) = B{aZi, [X^,X_^]]) = B{aZi, [X^,X^]) = 
-7((tZi) 

For part (b), suppose that the diagram involution interchanges two 
black vertices d and 7. 

S{Z-o) = B{Zq, [Xs,X^s]) = B{aZ-o, [aXs,aX_s]) = B{aZ-o, [Xs,X_s]) = 
7((tZo) 

6{Zi) = B{Zi, [Xs,X_s]) = B{aZi, [aXs,aX_s]) = B{aZi, [Xs,X_s]) = 
7(crZi) 

7(0- Zo) + 7(0-^0) = l{-Zo) + I^ctZq) = and 7(0-^1) + 7(0-^1) = 
7(— Zi) + 7(crZi) = 0. We Know J^Oa = that proved the proposition. 

□ 

Theorem 1.5. Given 6 e aut2^A{Q), there exists a unique real form Q-r 

such that 6 restricts to a Cartan automorphism on Q . Converesly every 
real form Q-r has a unique Cartan automorphism 6 e aut2^4{G). 

The vertices a are equiped with canonical positive integer called 
labelling of vertices Oa without the nontrivial common factor such that 
^tta = It is well known that the involution 
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Theorem 1.6. Ever double Vogan diagram represents a locally sym- 
metric superpair {Q, f)) unique up to conjugation. Conversely, every 
locally symmetric pair is represented by a double Vogan superdiagram. 

The double Vogan superdiagrams leads the way to explain of in- 
volutions to involutions. 

2. Preliminaries on basic Lie superalgebras 

In current section , we recall some background on Lie superalgebras 
and set up the notation for subsequent sections. We will modify the 
Borel and de Siebenthal Theorem for Lie superalgebra. 

Theorem 2.1. Let Q be a non complex real Lie superalgebra and Let the 
Vogan diagram ofQ be given that correponding to the triple {Q, [)o, A~^). 
Then 3 a simple system Y[' for A = A{Q'^,l)), with corresponding 
positive system A'^ , such that {Q, (Iq, A+) is a triple and there is at most 
two painted simple root in its Vogan diagrams of A{m,n), D{m,n) and 
at most three painted vertices in D{2,l]a). Furthermore suppose the 
automorphism associated with the Vogan diagram is the identity, that 
Y[' = cei, ■ ■ ■ ,ai and that coi, - ■ ■ ,uji is the dual basis for each even part 
such that {ujj,ak) = Sjk/ekk, where ekk is the diagonal entries to make 
cartan matrix symmetric. The the each painted simple root of even 
parts may be chosen so that there is no i' with {ui — Uii,Uir) > for 
each even part. 

Proof. We have proved the theorem in [5] □ 

Theorem 2.2. If an abstract Vogan diagram is given, then there exist 
a real Lie superalgebra Q , a Cartan involution 9, a maximally compact 
6 stable Cartan subalgebra and a positive system for A = A(g, fi) 
that takes 2% before such that the given diagram is the Vogan diagram 
o/(^,f)o,A+). 

Corollary 2.3. Let a be an involution on a complex Lie superalgebra 
Q. Then a can be represented by a Vogan superdiagram with at most 
three black vertex a, where = 1 or = 2. 

Proof. Suppose a is an involution on a complex contragradient Lie 
superalgebras. We always find a real form of Q such that a restricts 
to a Cartan Involution on ^ . It commutes with 9. By choosing a 
a stable maximally compact Cartan subalgebra f). Let = + Po 
be the Cartan decomposition arising from a. The above theorem says 
the Vogan superdiagram can be choosen to have at most two painted 
vertex a, where a^^ = 1 or = 2. □ 
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Extended Dynkin diagram of A[m,n): A^^\m,n) 

11 1 11 

O O— —(8)— — O O 



I I I I I 

O O— —(8)— — O O 

II 1 11 



Extended Dynkin diagram of B(m,n): 



12 2 2 2 2 2 

o^--o — — o-o^ 



1^ 



Extended Dynkin diagram of 5(0, n): 5(1) (0,n) 



12 2 2 2 2 2 

o^--o — o — o-o^ 



Extended Dynkin diagram of D{ni,n): D^^\m^n) 



1 2 2 2 2 2 

o^--o — — 0-- 




Extended Dynkin diagram of D(2, 1; a): D^^\2, 1; a) 



12 1 
O — O 



O 
1 
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Extended Dynkin diagram of C(n): C^^^n 



2 2 1 



Extended Dynkin diagram of -F(4): F^^\4:) 



O^^^Cp4o O 



Extended Dynkin diagram of ^(3): G^^\3) 

3. Double Vogan diagram and symmetric superspaces 

Every real simple Lie superalgebra [) is either a realified complex 
simple Lie superalgebra or the real form of a complex simple Lie su- 
peralgebra G, i,e. a Lie superalgebra I) such that f)®^ = Q- Every real 
form of a Lie superalgebra Q equals Q^, where 9 is an involutive, anti- 
linear automorphism of ^. In semisimple Lie algebras each irreducible 
hermitian symmetric space of noncompact type is equivalent to a Car- 
tan domain is a symplctic manifold. The natural Z2 graded or super 
generalizations of Cartan domains which arises in Hermitian symmetric 
spaces are called Cartan superdomains. The invariant metric on Q/Q^ 
is obtained from the invariant metric on Q whenever the latter exists. 
In the category of symmetric superspaces we have only a weak analog 
of the notion of compactness. We shall call the symmetric superspaces 
with compact base compact. Furthermore a symmetric superspaces wU 
be said to be Hermitian if it is associated with a pair 9) such that on 
Q/Q^ there is a invariant complex structure. Such a symmetric su- 
perbase with Hermitian base is Hermitian. Conjugate automorphisms 
yields isomorphic superspaces. 

Double Vogan diagram of A{m, n) 
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1 

o- 



1 

-o— 



1 



O •— — (g)—- 

11 1 

{p)slr{m\n)/slr{p) e slr{m-p) ®u{l) e R 



1 

-o 



I I I I I 



— o- 



■o 

1 



/O o— — (g)—- 



— o o. 

I I 



o— — ®— — o O' 



su\2m\2n)/sl{n) © u*{2m - 2p) ® u*{2p) © u(l) 

o o— — o— — o o. 




I 1 I I 

o o— — o— — o- 



su*{2m\2n)/o*{2m) © o*{2n) 
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{p)su{m,p\n,q)/osp* (m,p|n) 



Double Vogan diagram of S(m, n) 

The below first Vogan diagram which contains the extreme right 
black painted root is from the original Dynkin diagram color. 



12 2 2 2 2 2 

- O — (8> ■ © 

osp{m,p\2n) / (sp(m, M)) 



12 2 2 2 2 2 

osp(m,p|2n)/(5p(m, R) ©5o(p, q')) 



Double Vogan diagram of £)(m, n) 



osp*(2m|2n)/(5p(r, s) ©50*(2p)) 




(p)sK(m,p|n, q)/upq{m,p) 
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1 z z z z 

o^-o — — o- 

1 2 2 2 2 

•^■■■■O — — o- 





osp*{2m\2n)/{sp{m,R) ®so{p, q)) 



Double Vogan diagram of D{2, 1; a) 

D{a)/{su{2)®su{2)®5l{2, 



1 2 1 

O — o 



o 



1 1 

D{a)/{sl{2, R) e sl{2, R) 5l(2, ' 




D{a)/{sl{2,C®sl{2, 



Double Vogan diagram of C (n) 




osp(2|2n)/(sp(n,R) ©so(2)) 



■a 



osp(2|2n)/(5p(r, s) ©so(2)) 



Double Vogan diagram of F(4) 



C^Hg)— ^•i^ O 

F(4)/(5U(2,M)©50(1,6)) 
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o-(8)-^3c^ — o 

F(4)/(5u(2,R) ©50(2,5)) 

•^-(8)-^>^ — • 

F(4)/(s[(2,M)©so(3,4)) 

•^-(8)-<:c^ — o 

F(4)/(5[(2,M)©so(7)) 
Double Vogan diagram of G{3) 

G{3)/{sl{2,R)(Bgc) 

G{3)/{5l{2,R)®gs) 
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